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Summary While the field of computational fluid dynamics (CFD) and the accuracy of
simulations is rapidly increasing, much is still to be discovered about how fluid structures
move, grow, and dissolve. The main goal of the project was to study Taylor-Green (TG)
vortex decay in a laminar, incompressible flow over a no-slip flat plate. Originally, a CFD
code was written in Python for supersonic flow over a flat plate. The code was expanded
to study incompressible, subsonic, and transonic flow as well by interpreting the velocity
profiles and any other variables of interest. TG-vortices were then implemented into the
incompressible flow to observe their decay patterns. The decay patterns featured a cascade
of ever-smaller vortex structures. The merging and disappearance of vortices in the code
mirrored the results of a simple vortex bifurcation theory developed and presented in Nielsen
et. al.(2) Their theory provides a simplistic approach to interpreting vortex motions, part of
which was applicable to the current project.
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Problem Setup and Background

Supersonic flow over a flat plate is a classic fluid dynamics problem, yet no exact analytical
solution exists. Thus, it must be solved using approximate computational methods. The
flow in the problem is defined as laminar, viscous, supersonic, and two-dimensional, over
a flat plate at zero incidence. Later on, other compressible flow types such as transonic
and subsonic flows are investigated. The Mach number is a dimensionless parameter that
measures the compressibility of the flow, as the ratio of flow velocity to the speed of sound.
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Flow types are classified based on Mach number:
M ≈ 0 =⇒ Incompressible
M < .8 =⇒ Subsonic
.8 < M < 1.2 =⇒ Transonic
1.2 < M < 5.0 =⇒ supersonic
5.0 < M < 10.0 =⇒ Hypersonic
In the project, incompressible, subsonic, transonic, and supersonic cases were studied.
The problem domain is sketched in Figure 1. Flow enters the domain horizontally over

Figure 1: Flat plate setup showing expected shock wave
a plate of length L. For low Reynolds number, a laminar boundary layer will develop from
the leading edge of the plate. The fluid enters with Mach number around 4, implying the
flow is supersonic. Because friction along the plate enables viscosity in the flow, the plate
behaves as though it were curved, thus causing an induced shock wave generated at the
leading edge. The presence of viscous dissipation, kinetic energy dissipating in the boundary
layer, causes high temperatures and heat-transfer rates (1). Although the problem has a
simple geometry, the physics can become quite complex.
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Governing Equations and Numerical Method

As with any fluid dynamics problem, the differential equations describing fluid motion are the
Navier-Stokes equations, represented by continuity, x-momentum, y-momentum, and energy
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equations. For supersonic flow over a flat plate, the 2-D complete Navier-Stokes equations
must be solved. For ease in programming the code, each of the four equations can be written
in the form
∂U
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+
+
=0
∂t
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∂y
where U, E, F are column vectors (1):
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The continuity equation is represented by the first row of each column vector, followed by
x-momentum, and so on. Physically, Et is the sum of kinetic and internal energy e per unit
volume,

V2
Et = ρ e +
2
The shear and normal stresses are given by
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where λ is some constant. The heat flux vector components are given from Fourier’s law of
heat conduction:
∂T
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∂T
qy = −k
∂y

qx = −k

3

The system has 9 unknowns: ρ, u, v, |V|, p, T, e, µ, k. To be a closed system, five additional
equations are needed. First, assuming a perfect gas, the equation of state can be applied:
p = ρRT
Second, if the air is assumes calorically perfect, then the internal energy is
e = cν T
Third,
|V| =

√
u2 + v 2

Fourth, Sutherland’s law can be used to find the viscosity, with mu0 and T0 as reference
values:

µ = µ0

T
T0

3/2

T0 + 110
T + 110

Finally, the thermal conductivity k can be found if the Prandtl number is assumed constant:
P r = .71 =

µcp
k

Thus, there are nine equations and nine unknowns, making a closed system (1).
To solve the system of equations through time, MacCormack’s time-marching method
was used. Using a Taylor series expansion, all variables were advanced at each grid point
(i, j) for a given time step. The method consists of a predictor step using forward differences,
followed by a corrector step using backward differences. Using the method appropriately
resulted in second-order accuracy for all the variables (1).
The grid used was a simple equi-distant 70 × 70 square grid. The grid resolution was
kept constant for all results. Using that the length of the plate is L, the step size in the
x-direction is
L

L
xmax − 1
69
The vertical height of the domain is estimated to be at least five times the height of the
∆x =

=

boundary layer: H = 5 × δ, where
5L
δ=√
Re
Thus, the y-direction step size is
∆y =

H
H
=
ymax − 1
69
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Since the MacCormack method is an explicit method, there is a stability criterion for
the time step. A version of the Courant-Friedrichs-Lewy (CFL) criterion is used, where aij
is the speed of sound and K is the Courant number:
r
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(∆tCF L )ij =
+
+ aij
+
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+
∆x
∆y
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vij0

4
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µij (γµij /P r)
ρij
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∆t = min[K(∆tCF L )ij ]
In the current case, γ = 1.4 and .5 ≤ K ≤ .8.
Before the Taylor-Green vortices were implemented into the code, the initial conditions
were quite simple. For each grid point (i, j) at time t = 0, all properties were initialized at
their respective freestream values, with the exception on the surface of the plate, where the
no-slip condition was used and the temperature was set equal to a wall temperature:
u = v = 0.0
T = Tw
The same formulas applied for the boundary condition along the surface of the plate. For
the outflow boundary, all variables were extrapolated from the interior. For example, u for
the outflow boundary was
uimax,j = 2uimax−1,j − uimax−2,j
Both the upper boundary of the domain and the inflow had the variables equal to their
freestream values.
Finally, there was a criterion implemented in the code to check convergence after every
time step. A tolerance level of  = 1 × 10−4 was chosen. If the greatest difference between
t−1
the previous x-velocity umax
and the current x-velocity utmax is less than , then the code

would terminate with a converged solution.
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Simulation Results

The supersonic solution converged after about 4300 iterations, and yielded the velocity profiles shown in Figure 2ab. In Figure 2a, one can observe the boundary layer curvature that
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(a) x-velocity

(b) y-velocity

(c) Energy

(d) Viscosity

Figure 2: Variable profiles for supersonic flow (Mach=4) over flat plate
forms as a result of the viscosity. The curvature is confirmed by Figure 2d, showing that
the viscosity is greatest close to the plate surface. The boundary of where the shock occurs
is seen in Figures 2bcd. Both the y-velocity and energy are greatest along the shock wave
boundary. Figure 2c also shows energy dissipation nearest to the plate, where energy is
decreasing.
Results for the transonic case (Mach=1.2) are given in Figure 3. As shown, the shock
wave is now at a steeper angle with respect to the horizontal. The shock wave appears to
detach earlier than the supersonic one, perhaps due to the lower viscosity and velocity. Regardless, transonic flow is a transitional point where the velocity is near the speed of sound.
Thus, it is expected that the shock wave is not as powerful and does not remain completely
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(a) x-velocity

(b) y-velocity

(c) Energy

(d) Viscosity

Figure 3: Variable profiles for transonic flow (Mach=1.2) over flat plate
attached to the plate over the entire domain.
As seen in Figures 4 and 5, both subsonic and incompressible velocity profiles are similar. Both cases are less interesting because the shock wave is no longer present at lower
velocities. However, the curve of the boundary layer is still present in each case. Observing
the sequences from incompressible to supersonic, it is shown how drastically the flow can
change simply by altering the Mach number. The changing dynamics suggest the complicated behavior of fluids and the difficulty in modeling them accurately. Because flow over a
flat plate has been studied extensively, the simulation results presented in the project became
the groundwork for the later vortex motions. They showed that the code was working and
complete.
7

(a) x-velocity

(b) y-velocity

Figure 4: Velocity profiles for subsonic flow (Mach=.5) over flat plate

(a) x-velocity

(b) y-velocity

Figure 5: Velocity profiles for incompressible flow (Mach≈ 0) over flat plate
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Taylor-Green Vortex Implementation

The Taylor-Green vortex was selected to be studied because its formula is simple and visually
it could easily be seen in the results. The vortices were implemented in the viscous incompressible code, where they yielded a stable solution. To study the patterns and motions of
8

the vortices, streamlines were plotted for the entire domain, and animations were created to
view the sequence continuously.
The Taylor-Green vortex was originally proposed by Taylor and Green in their 1936
paper (4). In two dimensions, the initial motion of the TG-vortex is given by (4)
u = A cos ax sin by
v = B sin ax cos by
In the simulation code, the above equations were entered as the initial velocity conditions
for all grid points, while maintaining no-slip at the plate boundary. The constants A, B
represent the overall amplitude of the vortex. Making them larger increased the vortex
speed. The constants a, b controlled how large the vortex was. Smaller values gave more
vortices in the domain since their diameters were smaller.
By adjusting A, B and a, b either together or independently, different kinds of TGvortices were produced. The four most interesting cases were studied, given in Table 1.
While the vortices were decaying during the simulation, the residuals were stabilized but
remained fairly constant. They started to converge to the incompressible solution of Figure
5 once the vortices had completely decayed from the flow.

Case

A,B

a

b

Mach

1

1

.1

.1

.1

2

1

.1

.2

.1

3

2

.1

.2

.1

4

3

.1

.2

.01

Table 1: Different TG-vortex cases studied
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Taylor-Green Vortex Results

Case 1, where A=B and a=b, is shown in Figure 6 for four vortices. In 6b, the two front
vortices merge together, while the back ones stretch out as seen in (c). The vortices collapse
to the point where the circulation becomes too small to be picked up by the streamlines as
shown in (d). Shortly after decaying as shown in (e), the flow takes time to converge to the
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incompressible solution. Case 1 is the simplest scenario since the TG-vortices simply merge
and stretch out, eventually decaying.
Figure 7 shows selected progressive motions for the asymmetrical vortex case. In case
2, A=B but a=.1 and b=.2. Thus, the vortices are twice as long as they are wide, causing
eight vortices to appear in the domain. Like case 1, the first two vortices merge and the rest
stretch out in (b). The incoming flow continually pushes the vortices into each other in (c).
Enough circulation builds up in (d) to produce a vortex pair, which then decays in (e) and
(f).
Cases 3 and 4 have the same vortex structure as case 2, but the amplitudes are stronger.
Case 3 doubles the amplitudes of the vortices, which results in two vortex pairs forming in
Figure 8. The velocity is larger in case 3, which gives the flow enough momentum to produce
a cascade of vortices, each pair getting smaller as it is formed. The total cascade of 3 pairs
is seen in (b), which then decays in (c). If the amplitude is tripled as in case 4, then the
flow has enough momentum to create an additional vortex pair at the back end of the plate
as well, seen in Figure 9a. In case 4, the front cascade decays quickly, while the front vortex
pair stretches out in (b) and continues to do so. Eventually the flow splits in (c), forming a
saddle point and another front vortex pair. The new vortex pair decays in (d).
All the cases studied emphasized the merging of vortex pairs and the decay of TGvortices. In the results, their decay was noticed in two ways: first, through vortex stretching
until they no longer were circular or could hold their shape (Figure 6c,d), and second, through
getting physically smaller with less circulation until they disappeared (Figure 7e).
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Interpreting Vortex Motions using Bifurcation Theory

The vortex motions observed in the streamline patterns can be better understood through
bifurcation theory. Several studies have described vortex motion in various flow types using bifurcation theory. For example, Balci et al. studied boundary layer eruption using
streamline topology and how the vortex patterns depended on Reynolds number. They used
bifurcation theory to develop a phase space for the eruption process, which explained all the
changes in the motion (3). Although interesting, the paper did not have any relevance for
the current project because the vortices did not interact with the wall and no boundary layer
eruption occurred.
Another study by Nielsen et al. offered a simpler, codimension-1 bifurcation theory to
describe vortex bifurcations, which they also applied to boundary layer eruption. Some of
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the bifurcations they observed also occur in the current project’s results. However, Nielsen
et al. used the Q-criterion, rather than streamlines, to detect vortices, and they studied the
Gaussian vortex. Despite the differences, there was still applicability to the current project.
The Q-criterion is given by (2)
Q(x, y) = det(∇u(x, y)) > 0
The Q-criterion identifies vortices in a quantitative, precise way. Bifurcation theory analyzed for what conditions a vortex is created, destroyed, merged, or split. They used Q as a
function of time t, with time as the bifurcation parameter, and observed how the topology
changed from the level set Q = 0 (2).
The codimension-1 bifurcations in the paper are pinching and punching bifurcations,
occurring away from boundaries, and wall-pinching and wall-punching bifurcations, which
occur when vortices are attached to a no-slip wall. The former are applicable to the current
project.
Pinching and Punching Bifurcations:
Degeneracy conditions are needed to determine where a bifurcation occurs in both space
and time. Let Q0 represent the Q-criterion evaluated at (x, y, t) = (0, 0, 0). The two nondegeneracy conditions are that the Jacobian matrix of Q0 , H0Q , is non-singular and that
∂t Q0 6= 0. Using the conditions that Q0 = 0 and ∂t Q0 6= 0 means that from the Implicit
Function Theorem, there exists a unique local function T(x,y)=t such that T0 = T (0, 0) = 0
and Q(x, y, T (x, y)) = 0. The paper then deduces that
T (x̂, ŷ) = x̂2 + ŷ 2 if H0T is positive definite

(1)

T (x̂, ŷ) = −x̂2 − ŷ 2 if H0T is negative definite

(2)

T (x̂, ŷ) = x̂2 − ŷ 2 if H0T is indefinite

(3)

where x̂(x, y) and ŷ(x, y) are a possibly nonlinear coordinate change. The three cases correspond to the critical point (x, y) = (0, 0) being a local maximum, local minimum, or saddle
point of T , respectively (2).
When sign(∂t Q0 ) 6= sign(tr(H0Q )), H0Q is positive definite, so the first case (1) applies.
Equation (1) is recognized as that of a circle, and the bifurcation is demonstrated in Figure
10. The bifurcation occurs at t = 0, when the vortex is created. If t > 0, then the radius
√
exists and the solution is a circle with radius t. The bifurcation represents the creation of
a vortex. If the opposite case is considered, when sign(∂t Q0 ) = sign(tr(H0Q )), H0Q , then H0Q
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is negative definite and equation (2) applies, or
−T (x̂, ŷ) = x̂2 + ŷ 2 = −t
The change of sign gives time-reversed dynamics, so it represents the decaying of a vortex.
The bifurcation occurs in reverse, so the vortex disappears at t = 0.
The final case is when H0Q is indefinite. Then equation (3) applies and is visually
demonstrated in Figure 11. When t < 0, the equation is a hyperbola with principal axis in
the y-direction. At t = 0, the curves join to form a pair of straight lines, ŷ = x̂ and ŷ = −x̂
intersecting at (0,0). For t > 0, the solution is again a hyperbola with a principal axis in the
x-direction. Curves following such behavior are pinching bifurcations of the Q = 0 curve.
One can connect the curves as shown in Figure 11abc to represent a vortex splitting. A
merging is represented in Figure 11def if the local curves are connected up/down instead of
left/right (2).
Aspects of the pinching and punching bifurcations from Neilsen et al. are applicable
to the current project. The merging of the front vortex pair is similar in structure to the
pinching bifurcation. Some vortices decay according to the reverse punching bifurcation,
their diameters getting ever smaller until they vanish. Thus, the simple equations Neilsen
et al. developed to describe vortex motion in boundary layer eruption also work to describe
motion of vortices over a flat plate. The bifurcation theory gives a simplistic way of predicting
what vortex motions to expect, based on a specific parameter value. Once enough cases
are explored, which is beyond the scope of the current project, a phase diagram can be
constructed to easily organize and predict expected motions, represented by bifurcations.
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Conclusion

The purpose of the project was to gain experience in coding fluid dynamics problems, and
to explore possible avenues for a graduate school thesis. A simulation code was designed
to model various flow types over a flat plate, including the decay of TG-vortices. Both
Balci et al. and Nielsen et al. did not extend their theories to three dimensions or higher
Reynolds numbers, which would be a future challenge for the Python code in the project. The
simulation was not powerful enough to move beyond laminar flow to higher Reynolds numbers
and turbulence. It would be intriguing to view how TG-vortices behave in transitional and
turbulent flow, albeit the bifurcation patterns would be much more complicated. Balci et
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al. also developed a full, more complex codimension-3 bifurcation theory to describe their
results, including a normal form analysis (3). It would be interesting to extend their results
to turbulence.
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(a)

(b)

(c)

(d)

(e)

Figure 6: Case 1: A,B=1 and a,b=.1
14

(a)

(b)

(c)

(d)

(e)

(f)

Figure 7: Case 2: A,B=1 and a=.1,b=.2
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(a)

(b)

(c)

Figure 8: Case 3: A,B=2 and a=.1,b=.2
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(a)

(b)

(c)

(d)

Figure 9: Case 4: A,B=3 and a=.1,b=.2

Figure 10: Illustration of changes in the Q = 0 contour curve representing the creation of a
vortex
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Figure 11: Illustration of changes in the Q = 0 contour curve representing the splitting and
merging of two vortices
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